Abstract. Harmonic analysis on noncompact Riemannian symmetric spaces is in a sense equivalent to the theory of the horospherical transform. There are no horospheres on compact symmetric spaces, but we define a complex version of the horospherical transform, which plays a similar role for harmonic analysis on them.
In the horospherical transform, we integrate test functions along horospheres or, in other words, we integrate these functions with δ-functions with supports on horospheres. The idea of the complex horospherical transform [Gi00] is to replace the δ-function by the Cauchy kernel: more precisely, we take Cauchy kernels with singularities along complex horospheres without real points. Such a transform can work when the real transform either does not exist or has too large a kernel [Gi00] , [Gi02] , [Gi05] . We define such a transform here for compact symmetric spaces. Earlier, we observed [Gi05] that it already gives a new interesting integral transform for the sphere S n .
Notation. Let X = G/K be a compact Riemannian symmetric space; here G is a simply connected compact semisimple Lie group and K ⊂ G is a connected involutive subgroup. Let g = k+s be the corresponding involutive decomposition in the Lie algebras. Let X n = G n /K be the dual noncompact Riemannian symmetric space, and let g n = k + is be the corresponding decomposition in the Lie algebras. Let a be a Cartan subspace in is, let Σ + be a system of positive (restricted) roots, let (β 1 , . . . β l ) be a basis of unmultipliable roots, and let (µ 1 , . . . , µ l ) be the dual system of fundamental weights (
is the set of highest (restricted) weights of spherical representations corresponding to the symmetric space X [H94].
Received September 6, 2005. Let A = exp(a), A I = exp(ia) be the corresponding commutative subgroups in G n and G, respectively. Let G n = KAN be the Iwasawa decomposition, where N is the maximal unipotent subgroup in G. Let G 0 C = K C A C N C be the complexification of this decomposition in G C . For a group H, we denote by H C its complexification. The set G 0 C is a Zariski open set in G C . Consider the projection a(g) of G 0 C onto the factor A C . We can also treat this function as a function on the symmetric Stein space
For a ∈ A C , we define
The functions a µ (g), originally defined on G 0 C , admit holomorphic extensions to G C such that G 0 C is characterized by the condition a µ (g) = 0. For noncompact symmetric spaces X n , zonal spherical functions can be obtained by the averaging of a µ (x) along K-orbits (Harish-Chandra's integral representation). In the case of compact symmetric spaces X, Clerc [Cl88] , using the possibility of the holomorphic extension of zonal spherical functions to X C , suggested to write out an analogue of Harish-Chandra representation on X C . This representation can be restricted to the compact group G and the compact space X, but there is a complex function a µ (x) involved in the construction. For a zonal spherical function φ µ (x) with center at a point x 0 ∈ X (corresponding to a fixed isotropy subgroup K), we have
where we integrate with respect to the invariant measure on K. Here and everywhere below, we integrate on a compact homogeneous manifold Y with respect to the invariant measure ν(dy) normalized by the condition Y ν(dy) = 1. The functions a j (x), defined on the set X 0 C corresponding to G 0 C , can be holomorphically extended to X C .
Clerc [Cl88] used this representations for the computation of the asymptotics of zonal spherical functions on compact symmetric spaces similar to the famous Harish-Chandra's computation for noncompact spaces. The construction of the complex horospherical transform on X in this note continues this application of complex geometry to harmonic analysis on compact symmetric spaces.
Complex horospheres. The functions a µ (x), x ∈ X C , are elements of eigensubspaces of invariant differential operators which are N C -invariant. They are sometimes called zonal horospherical functions. Let us extend them for different choices of A and N . Let
This function will not change under right multiplications by elements of N C as well as by elements of
We shall realize its points as classes ζ = (gM C N C ). Then the function h µ will depend only on the class ζ(g) ∈ Ξ. Accordingly, we shall denote it by h µ (x, ζ), x ∈ X C , ζ ∈ Ξ.
We shall refer to Ξ as the horospherical manifold. The points of Ξ parametrize the horospheres on X C , i. e., nondegenerate orbits of the subgroup N C and its G Ctranslations.
Let
A be the corresponding flag manifold. There is a natural fibering Ξ → F with fibers A C . The group G C acts on Ξ by "left multiplications" (ζ → g · ζ), A C acts by "right multiplications" (ζ → ζ · a)), and these actions commute. The existence of a right action of A C is a crucial circumstance for the horospherical transform. We have
We can define the horospheres Ω(ζ), ζ ∈ Ξ, on X C by the equations
where h j = h µj .
Horospheres without real points. We have
on X [Cl88, Corollary, p. 427], and the conditions |a j (x)| = 1 define the image of the subgroup A I in X. (One has a j (x) = 1 for the initial point x 0 .) Let A + be the semigroup {|a j | < 1, 1 ≤ j ≤ l} in A C ; we define the domain
The domain Ξ + is fibered over the flag domain F with fibers A + . It is invariant with respect to the left action of the group G and the right action of the semigroup A + . The domain Ξ + parametrizes the horospheres Ω(ζ) on X C without real points. (They do not meet X.) This follows from Clerc's result. The points of the boundary ζ ∈ ∂Ξ + correspond to the horospheres which meet X at a single point. This means that the boundary admits a fibering over the symmetric space X with fiber Ξ(x) over x ∈ X defined by the equations
The fiber Ξ x parametrizes the horospheres that meet X at x. The fibers are isomorphic to K/M .
The horospherical Cauchy-Radon transform. Now we are ready to give the main definition. For f ∈ C ∞ (X), we define the horospherical Cauchy-Radon transform asf
For ζ ∈ Ξ + , the integrand has no singularities on X and is holomorphic on ζ. Hence the functionf is holomorphic in the domain Ξ + . We do not need the C ∞ condition for definingf as a holomorphic function in Ξ + ; it suffices for f to be a locally integrable function or a distribution. The natural domain is hyperfunctions on X. (We shall consider this case in the next paper.) However, if ∈ C ∞ (X), then f has C ∞ boundary values for ζ ∈ ∂Ξ + . This is a straightforward computation with distributions of one variable, which we omit.
As usual in integral geometry, the main problem is the problem of the inversion of this horospherical transform. We consider differential operators on the group A with constant coefficients in logarithmic coordinates. For the operator P (D) with a polynomial symbol P (µ), we have P (D)a µ = P (µ)a µ . We transfer the action of these operators to Ξ along the fibers of Ξ → F . Then
Theorem. The inversion formula
where
holds for the horospherical Cauchy-Radon transform.
Here we integrate the boundary values of the holomorphic functionf over the normalized invariant measure on K/M . The symbol W (µ) is Weyl's formula for the dimensions of the representations with highest weights µ. This result is a simple corollary of the Plancherel formula on compact symmetric spaces [H94] . Below we give a sketch of a standard proof via the connection between the horospherical and spherical Fourier transforms. We work with a complex version of the spherical Fourier transform. The real version of such a transform is considered in [Sh77] , [H94] .
A holomorphic spherical Fourier transform. We define the holomorphic spherical Fourier transform bỹ
The functionf (ζ; µ) is holomorphic on ζ ∈ Ξ and satisfies the homogeneity conditionf (ζ · a; µ) = a µ (f (ζ; µ).
In other words,f (ζ; µ) is the section of the line bundle on F corresponding to µ. Thus we have maps in the spaces of irreducible spherical representations in the flag realization.
By analogy with the case of noncompact symmetric spaces, the holomorphic spherical Fourier transform and the horospherical Cauchy-Radon transform are related by a commutative Fourier transform; this time, by the discrete one. Since the right multiplications by elements a ∈ A C (ζ → ζ · a) commute with the action of G, we can decomposef (ζ) in the Fourier series with respect to this action of the Abelian compact group A I . The components (which are invariant with respect to the action of G) are justf (ζ; µ):
This is a result of a straightforward decomposition of the kernel in the definition of the horospherical transform, 1
For ζ ∈ Ξ + , we have uniform convergence. The inversion formula, equivalent to the Plancherel formula on X, for the holomorphic spherical Fourier transform is
Here φ(·, x) is the zonal spherical function with center x, and this follows from Clerc's representation for zonal spherical functions. Now the inversion formula is a consequence of the fact that the multiplication of the Fourier coefficients by the polynomial W (µ) corresponds to the action of the differential operator W (D).
In this note, we obtain results on the horospherical transform as a restatement of known facts of harmonic analysis on compact symmetric spaces. Our aim here is to emphasize that formulas that we obtain for the complex horospherical transform on compact Riemannian symmetric spaces are completely similar to the formulas for the horospherical transform on noncompact Riemannian symmetric spaces. In our next publication, we shall obtain them by direct methods of integral geometry, which gives a new approach to harmonic analysis on compact homogeneous manifolds.
The horospherical transform on the sphere. Consider a simplest example in which X is the sphere S n ⊂ R n+1 [Gi05] :
Let CS n be its complexification, defined in C n+1 by the equation ∆(z) = 1. Then Ξ can be realized as the cone
and the flag manifold F , as its projectivization in P C n . The horospheres Ω(ζ), ζ ∈ Ξ, can be defined as the sections of S n by the isotropic hyperplanes
The parameters ζ of horospheres without real points give the domain Ξ + :
The fibers Ξ(x) in the fibering of ∂Ξ + over S n are {ζ = x + iη, x · η = 0, η · η = 1}. Finally, the differential operator in the inversion formula is L = (1 + cD) n−1 , where D is the logarithmic differentiation along generators in the cone Ξ and c is a normalized constant.
Remarks. 1. The domain Ξ covers the compact complex manifold F . On F all holomorphic functions are constant, but on Ξ + there are a lot of holomorphic functions. (They separate points of Ξ + .) The domain Ξ + is not holomorphically complete, since Ξ does not have this property. The extension reduces to the extension of the fibers A C . If F = CP n and z 0 , . . . , z n are homogeneous coordinates, then Ξ + is the complex ball 1 > |z 0 | 2 + · · · + |z n | 2 > 0 without a point, and all holomorphic functions in Ξ + can be extended to the ball. In the example of the sphere, which we considered earlier, the natural extension of Ξ + has a singularity.
It is easy to construct a Hardy type norm in H(Ξ + ) corresponding to the action of A + , and then we have a model of the spherical series of representations for X.
2. The horospherical transform and its inversion relate functions on the real manifold X and holomorphic functions on Ξ + . The natural understanding of this situation lies in the consideration of hyperfunctions on X as∂-cohomology classes of H (m) (X C \X), where m = n − l, n = dim X, l = rank X (the dimension of the horospheres). Then we can interpret the horospherical transform as a version of the Penrose transform: we integrate cohomology along complex horospheres in X C \X. A complication is that horospheres are not cycles and we need to be careful in the integration of cohomology. Therefore, it is more convenient to use an analogue of the Fantappiè indicator in this situation.
To obtain a cohomological interpretation of the inverse horospherical transform, we need to appeal to holomorphic language for∂-cohomology in [EGW95] . For each u ∈ F , we take the union D(u) of "parallel" horospheres parametrized by points in Ξ + lying over u. We have the cover of X C \X by the Stein domains D(u), u ∈ F . This cover satisfies the conditions in [EGW95] , and we can construct the Dolbeault cohomology using the complex of holomorphic forms ϕ(z|u, du) on F depending holomorphically on the parameters z ∈ D(u). We can extend the integrand in the inversion formula as such kind of a form.
There is another possibility of interest from the viewpoint of complex analysis: one can view the horospherical Cauchy-Radon transform as an intertwining operator between holomorphic functions on the whole manifolds X C and Ξ. We shall discuss this operator in another paper.
3. When we wish to construct the inverse horospherical transform, we seek an integral operator on the space of all, in a sense, functions on the manifold of horospheres. In our case, they are holomorphic functions. The restrictions of this operator to subspaces of sections of line bundles on F , corresponding to irreducible representations, give eigenfunctions of invariant differential operators (spherical polynomials). It is a Poisson type integral. For the sphere, such formulas go back to Maxwell. It would be of interest to develop the analogy with the noncompact case. In a sense, the flag manifold F plays the role of the "complex" boundary of X.
